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Abstract
The index of a Lie algebra r is defined as minw∈r∗ dim rw , where rw is the stabilizer of w
under the coadjoint action of r on r∗. In this paper we derive simple formulas for the index of
parabolic subalgebras of the even orthogonal algebra g = so(2n,k). We use these formulas to
prove the conjecture that ind q < n for any parabolic subalgebra or seaweed subalgebra (inter-
section of two weakly opposite parabolics) q of so(2n,k). Some partial results for subalgebras
of g = so(2n + 1, k) are also obtained.
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1. Introduction
Let r be a Lie algebra over the algebraically closed field k, and V be a finite-
dimensional r-module. We call an element v ∈ V regular if the orbit r · v has the
maximal possible dimension (equivalently, the stabilizer rv has the minimal dimen-
sion). Consider the dual module V ∗. Denote
ind(r, V ) := dimV − max
w∈V ∗(dim r · w). (1)
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This is the index of the r-module V . In the special case of the adjoint representa-
tion (V = r), we simply write ind r, and speak about the index of a Lie algebra r. In
other words,
ind r = min
w∈r∗ dim rw, (2)
where rw is the stabilizer of w under the coadjoint action of r on r∗.
The notion of an index of a Lie algebra was introduced by Diximier in [2]. Com-
puting the index is trivial for reductive Lie algebras, because in this case the index
simply equals the rank of the algebra. On the other hand, for non-reductive Lie alge-
bras the index is often hard to estimate––for example, the index for a nilpotent r is
equal to the Gelfand–Kirillov dimension of the center of the enveloping algebra of r.
The explicit results are known only for some special cases [4,7]. Recently there was
a renewal of the interest in the problems of finding indices for various subalgebras
in semisimple Lie algebras, motivated by the questions in representation theory and
invariant theory.
Parabolic subalgebras and their generalizations form one of the most interesting
classes of non-reductive Lie algebras. The seaweed subalgebras were introduced in
[1] as the intersections of two parabolic subalgebras whose sum is all of g (say, for
g = gl(n, k) the seaweed subalgebras are those subalgebras that preserve a pair of
opposite partial flags in the vector space kn).
In [6], Panyushev proposed the following conjecture:
Conjecture 1.1. Let g be a reductive Lie algebra over the algebraically closed field
k. Then:
(a) For any nonreductive seaweed subalgebra s in g, ind s < rank g.
(b) For any proper parabolic subalgebra p in q, ind p < rank g.
The second part of the conjecture is obviously just the corollary of the first part,
since any parabolic subalgebra is also a seaweed subalgebra. On the other hand, it
was shown in [6] that for classical Lie algebras the second part of the conjecture
actually implies the first.
Clearly, to prove the above Conjecture it suffices to verify it for the subalge-
bras in simple g. In [1], the index of a seaweed subalgebra in gl(n) was expressed
in terms of invariants of a certain graph (“meander graph”). This is sufficient to
settle the conjecture for g of type An. The reductive procedure introduced in [6]
was powerful enough to confirm the Conjecture for all parabolic subalgebras in
Lie algebras of type Cn (i.e., g = sp(2n, k)) and some parabolic subalgebras in
algebras of type Bn, Dn (g = so(m, k)). The conjecture for the general parabolic
subalgebras in orthogonal algebras (as well as for the exceptional simple g)
remained open.
The main difficulties in extending the results of [1,6] to the orthogonal case are
essentially computational. We shall see that the problem of finding the index of an
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arbitrary parabolic p in so(2n) can be reduced to a linear algebra problem. Namely,
we will need to look for normal forms of matrices under suitable conjugations and
describe the stabilizers for these normal forms. In this paper we will combine the
approach of [6,7] with some computational results of [3] to:
(a) give explicit formulas for ind p, where p is a parabolic subalgebra of so(2n, k),
(b) prove Conjecture 1.1 for g = so(2n, k).
We will also derive expressions for ind p, for many (but not all) parabolic and
seaweed subalgebras p ⊂ so(2n + 1, k).
2. Preliminaries
We use the following conventions throughout the paper:
• All Lie algebras are defined over k, where k is algebraically closed field of char-
acteristic 0.
• Capital letters are used to denote Lie groups and the corresponding fractur letters
are used for their Lie algebras.
• The omitted entries in matrices are always assumed to be 0. We write zt for a trans-
pose of z, and use the notation diag(z1, z2, . . .) for the block-diagonal matrices
with blocks z1, z2, . . .
• We write a, b etc. for the ordered strings of positive integers.
2.1. General properties of ind r
We list the basic properties of ind(r, V ) and ind r for future reference. All of the
material in this section is well known.
These standard facts are obvious from the definition of the index:
• ind(r, V1⊕V2)= ind(r, V1)+ ind(r, V2), in particular ind r1⊕r2 = ind r1 + ind r2,
• ind r = rank r for r reductive,
• ind r = dim r for r abelian.
The following proposition follows immediately from [7] (see also [6, 1.4]).
Proposition 2.1. Let r = q + a be a semidirect sum of a Lie algebra q and an ab-
elian ideal a. Let Q be a connected Lie group with Lie algebra q, and assume that
Q has an open coadjoint orbit Q · w in a∗. Then
ind r = ind qw,
where qw is the Lie algebra of a stabilizer Qw.
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Proof. Directly from the definition of index, in this case ind(q, a) = 0. Observe that
the open orbit Q · w contains all q-regular elements in a∗. The theorem of Raïs [7]
on the index of semidirect sums then gives
ind(q + a) = ind(q, a) + ind qw = ind qw. 
Let now r = r(0) + r(1) + r(2) be a grading of r (i.e., a Z-grading of height 2).
We shall refer to a grading like this as a 3-grading. A 3-grading of r induces the
grading r∗ = r∗(−2) + r∗(−1) + r∗(0) on r∗, with r∗(−2) = Ann(r(0) + r(1)) etc.
Proposition 2.2 [6, 1.5]. Let w be a r(0)-regular element in r∗(−2), and suppose
that r · w /= w for r ∈ r(1), r /= 0. Then
ind r = ind r(0)w + ind(r(0), r(2)). (3)
Remark. Assume that r′ = r(1) + r(2) is a nilpotent Lie algebra with center r(2)
(in the present paper, this will always be the case). Let R′ be a connected nilpotent
Lie group with Lie algebra r′. Call a representation of R′ generic if it corresponds
(in the sense of Kirillov’s orbit method) to some regular element of (r′)∗. Then the
conditions of the Proposition above are satisfied if the generic representations of the
group R′ are determined by their restrictions on the center Z(R′) = exp r(2).
2.2. so(2n) and its parabolic subalgebras
By SO(2n) = SO(2n, k) we understand the special orthogonal group, realized as
the group of all x ∈ SL(2n, k) satisfying
xt
[
0 In
In 0
]
x =
[
0 In
In 0
]
.
Then the Lie algebra g = so(2n) consists of the matrices[
z11 z12
z21 −zt11
]
,
with z12, z21 skew-symmetric n× n matrices (we write z12, z21 ∈ Skew(n) = 2kn),
and z11 ∈ kn×n is arbitrary.
We realize the symplectic group Sp(2n) as the group of all x ∈ GL(2n, k) satis-
fying xtJ2nx = J2n, where
J2n =
[
0 In
−In 0
]
and write sp(2n) for its Lie algebra.
Fix the Cartan subalgebra t in g consisting of the diagonal matrices:
t = {diag(a1, a2, . . . , an,−a1,−a2, . . . ,−an)}
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and consider the triangular decomposition
g = u + t + u′,
with u corresponding to taking z21 = 0 and z11 upper triangular. Declare the roots of
t in u positive, and let = {α1, α2, . . . , αn} be the corresponding set of simple roots.
Here αi = εi − εi+1 (1  i  n − 1) and αn = εn−1 + εn, where εi(diag(a1, a2, . . . ,
an,−a1,−a2, . . . ,−an)) = ai .
The standard parabolic subalgebras are the subalgebras of g containing the max-
imal solvable subalgebra t + u. The standard seaweed subalgebras of g are the
intersections p ∩ p′, where p ⊃ t + u and p′ ⊃ t + u′.
As usual, we enumerate the standard parabolics p by the nonempty subsets ′ of
, by declaring α ∈ ′ when g−α /∈ p. Under this enumeration, the Borel subalgebra
t + u corresponds to ′ =  and the maximal parabolic subalgebras correspond to
the one-element subsets ′ = {αk} for 1  k  n.
Since the outer automorphism of so(2n) interchanges αn−1 and αn, we will
always assume that
either αn ∈ ′ or αn /∈ ′, αn−1 /∈ ′. (4)
Let a = (a1, a2, . . . , ar ) be a composition of l  2 (i.e., a string of positive inte-
gers that add to l). Let b = (b1, b2, . . . , br ), where bk = ∑ki=1 ai (1  k  r). For
n  l we denote by pn(a) the parabolic subalgebra of so(2n) corresponding to′ =
{αb1 , αb2 , . . . , αbr }. We will usually write simply p(a) instead of pn(a), writing the
subscript whenever it is necessary to avoid confusion.
One can also describe parabolic subalgebras of so(2n + 1) in the same manner.
We denote them by pon(a) or simply by po(a).
3. Stabilizers and indices
In this section we consider the case of αn ∈ ′.
With each composition a of n we can associate a parabolic subalgebra q(a) =
qn(a) of gl(n). The Levi subalgebra of q(a) is
⊕r
i=1 gl(ai), where r is the length of
the string a. Then the semidirect sum
p(a) = q(a) + 2kn
is the parabolic subalgebra of so(2n). Moreover, any parabolic subalgebra of so(2n)
corresponding to ′ with αn ∈ ′ can be obtained in this manner.
Example 3.1. Take n = 19 and ′ = {α5, α9, α12, α19}. Then
b = (5, 9, 12, 19), a = (5, 4, 3, 7)
and q(a) is an algebra of 19×19 block triangular matrices with diagonal blocks of
sizes 5, 4, 3, 7.
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Proposition 2.1 applies directly to the present setting. In our case Q = Q(a) is
the parabolic subgroup of GL(n, k), and the coadjoint action of q ∈ Q on the vector
space a∗  2kn is given by q · v = qtvq. For any a, Q(a) has a unique open orbit
on a∗. This is easy to see if we set a0 = (1, 1, 1, . . . , 1) and consider the action on
a∗ of the group Q(a0) of upper-triangular matrices on a∗. Then the matrix
w =
{
diag(J2, J2, . . . , J2), n even,
diag(J2, J2, . . . , J2, 0), n odd
gives the q-regular element in a∗, and the orbit Q(a0) · w is open and dense in a∗.
Since Q(a0) is contained in any Q(a), the orbit Q(a) · w is always open and dense
in a.
Let r = ∣∣′∣∣ and b = (b1, b2, . . . , br ), a = (a1, a2, . . . , ar ). Take any k < r such
that bk is even and let
a′ = (a1, a2, . . . , ak), a′′ = (ak+1, . . . , ar ).
Choose any q(a)-regular element w = diag(w′, w′′), such that w′ and w′′ are
q(a′) and q(a′′)-regular elements in 2kbk and 2kn−bk respectively. Then the stabi-
lizer Q(a)w decomposes into a direct product
Q(a)w = Q(a′)w′ × Q(a′′)w′′ .
Now by Proposition 2.1,
ind p = ind q(a)w = ind q(a′)w′ + ind q(a′′)w′′ . (5)
The only stabilizers q(a)w which cannot be decomposed in this manner are those
for which either
• all bi are odd (equivalently, a1 is odd and all ai , i  2, are even) or
• all bi are odd except br = n. Equivalently, a1 and ar are odd and the sizes ai ,
1 < i < r , of the intermediate blocks are all even.
To obtain explicit formulas for ind p it is necessary to analyze these two cases
directly, which we will now do following the approach of [3, 3.1].
First we address the case of r = 1, i.e. a = {n} and q = ql(n). When n is even, we
can simply take w = Jn and the stabilizer Qw of Jn is the symplectic group. When
n is odd, take
w =
[
Jn−1 0
0 0
]
and we obtain
Qw =
{
Sp(n), n even,
(Sp(n − 1) × k∗) · kn−1, n odd. (6)
Lemma 3.2. Let a = {n}, n  2. Then ind q(a)w = n2 for n even and n−32 for n odd.
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Proof. In the even case ind q(a)w = rank sp(n) = n2 .
For the odd n, it is well known (e.g., [8]) that a stabilizer of a regular element in
kn−1 under the action of Sp(n − 1) × k∗ is the maximal parabolic subgroup P ′ =
[k∗ × Sp(n − 3)] · H in Sp(n − 1). Here H is the Heisenberg group of dimension
n − 2.
From Proposition 2.1, ind q(a)w = ind p′, where p′ is a Lie algebra of P ′. Apply-
ing Proposition 2.2 to p′ = sp(n − 3) + kn−3 + k, obtain ind p′ = rank sp(n − 3) =
n−3
2 . 
The case of r > 1 is considerably more involved.
First, let
a = (a1, a2, . . . , ar ) with a1, ar odd and ai, 1 < i < r, even (7)
and consider the open orbit of the action of Q(a) on 2kn. The most convenient
representative of this orbit is
w =


Ja1−1
1
−1
Ja2−2
.
.
.
1
−1
Jar−1


. (8)
The explicit form for the stabilizer Q(a)w = {q ∈ Q(a) : qtwq = w} is obtained
as a result of the direct calculation, just like in [3, 3.2].
Let us start with the typical example.
Example (special case of r = 2). Let a = (a1, a2) with a1, a2 both odd. Then
q =


q11 q12 q13 q14
q21 q22 q23 q24
q33 q34
q43 q44

 and w =


Ja1−1
1
−1
Ja2−1

 ,
with matrix blocks written with respect to the partition n = (a1 − 1) + 1 + 1 + (a2 −
1). The conditions imposed on q by the identity qtwq = w immediately give q12 =
0, q34 = 0, q14 = 0 and also q11 ∈ Sp(a1 − 1), q44 ∈ Sp(a2 − 1), q22q33 = 1. This
shows that Q(a1, a2)w is a semidirect product
Q(a1, a2)w = Q′Q′′,
with the Levi component given by
Q′ ={diag(q11, q22, q33, q44) : q11 ∈ Sp(a1 − 1), q44 ∈ Sp(a2 − 1), q22q33 =1}
and the unipotent part Q′′ being the (a1 + a2 − 1)-dimensional Heisenberg group,
written as matrices of the form
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
I Jqt21
q21 1 q23 qt43J
1
q43 I

 .
Performing a similar computation for general a = (a1, a2, . . . , ar ), we get
Q(a)w = Q′Q′′, where
Q′  Sp(a1 − 1) × k∗ × Sp(a2 − 2) × k∗ × · · · × k∗ × Sp(ar − 1) (9)
and Q′′ is the two-step nilpotent group with (2r − 3)-dimensional center (cf. [3,
Lemma 3.8]). More pertinently, the Lie algebra r := q(a)w has a natural grading:
r = r(0) + r(1) + r(2),
where the reductive part r(0) is the Lie algebra of Q′ from (9), r(2) is the center of
q′′, and r(1) is the remaining part of q′′. Moreover, Proposition 2.2 applies in this
context.
Example. Take n = 2m + 4 and a = (1, 2m + 2, 1). In this case Q′ consists of the
matrices diag(q11, q−111 , q33, q44, q
−1
44 ) with q11, q44 ∈ k∗ and q33 ∈ Sp(2m). Then
r(0) = k ⊕ sp(2m) ⊕ k. Writing block matrices with respect to the partition n =
1 + 1 + 2m + 1 + 1, we see that the abelian algebra r(2) consists of the matrices

0 q12 q15
0
0
q15 0 q45
0

 (q12, q15, q45 ∈ k)
and r(1) is a 4m-dimensional r(0)-module given by the elements

0 q13
0
Jqt13 0 Jq
t
43
q43 0
0

 (q13, q43 ∈ k2m).
The adjoint action of Q′ on r(2) is clearly not transitive––essentially, only the
2-dimensional subgroup k∗ × k∗ of Q′ acts on the 3-dimensional module r(2), since
Sp(2m)-part acts trivially. The same applies to the coadjoint action of Q′ on r(2)∗.
The orbit of any regular element u in r(2)∗ has codimension 1, and ind(r(0),
r(2)) = 1.
Observe also that r(0)u  sp(2m). Applying Proposition 2.2, obtain ind p = ind
q(a)w = rank sp(2m) + ind(r(0), r(2)) = m + 1.
Though small, the example above captures most of the essential features of the
general case. We arrive to the following:
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Lemma 3.3. Let a = (a1, a2, . . . , ar ) with a1, ar odd and ai , 1 < i < r , even. Then
ind q(a)w = n2 − 1.
Proof. Consider the 3-grading q(a)w = r(0) + r(1) + r(2). Choose any r(0)-reg-
ular element u inside r(2)∗. Since dim r(2) = 2r − 3 and the (abelian) subalge-
bra h of r(0) which acts on r(2)∗ nontrivially has dimension r − 1, we see that
ind(r(0), r(2)) = (2r − 3) − (r − 1) = r − 2.
Moreover, hu = 0 and therefore
r(0)u = sp(a1 − 1) ⊕ sp(a2 − 2) ⊕ · · · ⊕ sp(ar−1 − 2) ⊕ sp(ar − 1).
Since ri=1ai = n, we obtain ind r(0)u = rank r(0)u = n2 − r + 1. Now Proposi-
tion 2.2 applies, and the formula (3) gives the desired result. 
The case when
a = (a1, a2, . . . , ar ) with only a1 odd and ai (1 < i  r) even (10)
is treated similarly. Then we take
w′ =
[
w 0
0 0
]
,
where w is the big matrix given by (8). The Q(a) orbit of w′ is open and dense in
2kn, and we study the stabilizer Q(a)w′ .
The reductive part of the stabilizer is then
Q′  Sp(a1 − 1) × k∗ × Sp(a2 − 2) × k∗ × · · · × k∗ × Sp(ar − 2) × k∗
and the unipotent radical Q′′ is once again 2-step nilpotent, with (2r − 2)-dimen-
sional center. Thus we obtain a 3-grading of a Lie algebra r′=q(a)w′ , with dim r′(2)=
2r − 2.
Example. Take n = 2m + 3, r = 2 and a = (1, 2m + 2). Then r′(0) is the Lie
algebra of
Q′ = {diag(q11, q22, q33, q44) : q11q22 = 1, q33 ∈ Sp(2m), q44 ∈ k∗} .
The abelian subalgebra r′(2) consists of the matrices

0 q12
0
0
q42 0


and r′(1) consists of

0 qt32J
0
q32 0
q43 0

 ,
with block sizes corresponding to the partition n = 1 + 1 + 2m + 1.
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In the general case dim r′(2) = 2r − 2 and the dimension of the abelian subgroup
H of Q′ which acts nontrivially on r′(2) is r .
Lemma 3.4. Let a = (a1, a2, . . . , ar ) with a1 odd and ai , 1 < i  r , even. Then
ind q(a)w′ = n − 32 =
[n
2
]
− 1.
Proof. Consider the 3-grading q(a)w′ = r′(0) + r′(1) + r′(2), as above. By the di-
mension count ind(r′(0), r′(2)) = (2r − 2) − r = r − 2, and for any regular element
u ∈ r′(2)∗ one has
r′(0)u = sp(a1 − 1) ⊕ sp(a2 − 2) ⊕ · · · ⊕ sp(ar−1 − 2) ⊕ sp(ar − 2).
Then rank r′(0)u = n+12 − r , and by Proposition 2.2 ind q(a)w′ = rank r′(0)u +
ind(r′(0), r′(2)) = n−32 , as claimed. 
4. Index of p(a)
We start by returning to the parabolic subalgebra p(a) = q(a) + 2kn of so(2n)
and organizing the results of the preceding section in the following:
Theorem 4.1. Let a = (a1, a2, . . . , ar ) with ∑ri=1 ai = n:
• If n = 2m, then ind p(a) = ∑ri=1 [ ai2 ].• If n = 2m + 1, then
ind p(a) =
{∑r
i=1
[
ai
2
]+ 1, if ar = 1,∑r
i=1
[
ai
2
]− 1, otherwise.
Proof. Denote by h the number of i (1  i  r) with ai odd, and let d = [h/2]. As
before, bi = ∑ij=1 ai (1  i  r).
We consider the case of n = 2m first. Then h is even, and letS = {s1, s2, . . . , sh}
be the ordered set of indices of the odd numbers in a. Denote by ak the substring of a
which starts with as2k−1 and ends with as2k (e.g., let a = (4, 3, 10, 3, 8, 5, 17). Then
S = {2, 4, 6, 7}, a1 = (3, 10, 3) and a2 = (5, 17)). Note that bj is odd if and only
if for some i one has s2i−1  j < s2i . Let E = {1  j  r : aj and bj both even}.
In other words, in E we collect those j for which aj did not get into any of the
substrings ak (in the example above E = {1, 5}).
Fix the generic q(a)-regular element w ∈ 2kn, and let wi , 1  i  d , be the
corresponding collection of q(ai )-regular elements. Then using formula (5), obtain
q(a)w =
d⊕
i=1
q(ai )wi ⊕
⊕
j∈E
sp(aj )
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and hence
ind p(a) = ind q(a)w =
∑
j∈E
aj
2
+
d∑
i=1
ind q(ai )wi .
Each of the lists ai starts and ends with an odd number, and from Lemma 3.3
we deduce that each of the summands in the second sum is 12
∑
a∈ai a − 1. Since∑r
j=1 aj = n, putting the terms together gives ind p(a) = n2 − d , which is equivalent
to the statement of the theorem.
The case n = 2m + 1 is entirely similar, except minor details. In this case h is
odd and we form d + 1 lists ai , the last one either consisting of a single odd number
ar or being of the form (10). Denote the stabilizer corresponding to this last list
by h.
We now apply formula (6) and Lemma 3.2. Then for ar = 1 we have h = k and
ind h = 1, and for ar = 2k + 3 one has ind h = k. When ar is even, the value of ind h
is given by Lemma 3.4. Now the formula
ind p(a) =
∑
j∈E
aj
2
+
d∑
i=1
ind q(ai )wi + ind h,
together with the identity
∑r
j=1 aj = n gives the desired result. 
Note that though the form of the stabilizer q(a)w depends crucially on the order of
ai in a, the index value depends only on the numerical values of ai’s (unless ar = 1).
To extend the results of Theorem 4.1 to the case
∑r
i=1 ai < n, we need to study
some parabolic subalgebras of odd orthogonal algebras so(2n + 1). Consider the
parabolic subalgebra po(a) of so(2n + 1), where∑ri=1 ai = n. Then po(a) = q(a) +
x, where x = kn + 2kn is two-step nilpotent with center 2kn. The natural 3-grad-
ing on po(a) assigns degree 0 to q(a), degree 1 to kn and degree 2 to 2kn.
If n is even, this grading clearly satisfies the conditions of Proposition 2.2, and ind
po(a) = ind q(a)w = ind p(a) for a regularw ∈ 2kn. Hence by Theorem 4.1, one has
ind po(a) =
r∑
i=1
[ai
2
]
. (11)
We now restrict our attention to the case of odd n. Then the grading above does
not satisfy the requirements of Proposition 2.2, since the generic representations of
the nilpotent group X = exp x are not determined by their restrictions on the center
Z(X) = 2kn. Let x be the q(a)-regular element in x∗, and denote v(a) = q(a)x .
Using the methods of the previous section we can easily describe the algebra v(a),
but it does not follow that ind po(a) is equal to ind v(a).
Take, for example, po(n) = gl(n) + x––the maximal parabolic subalgebra in
so(2n + 1) corresponding to the short simple root. When n is odd, v(n) =
sp(n − 1) + kn−1. The following lemma computes ind po(n) for arbitrary n.
Lemma 4.2. ind po(n) = [n2 ].
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Proof. Consider the parabolic subalgebra pn+2(1, n + 1) in so(2n + 4). We can
write
pn+2(1, n + 1) = [k ⊕ pn+1(n + 1)] + k2n+2,
where pn+1(n + 1) = gl(n + 1) + 2kn+1 is the maximal parabolic subalgebra in
so(2n + 2), and use Proposition 2.1 to compute ind pn+2(1, n + 1). The stabilizer of
the regular w ∈ kn+2 under the action of k∗ × SO(2n + 2) is SO(2n + 1), and the
stabilizer of w under k ⊕ pn+1(n + 1) is pn+1(n + 1) ∩ so(2n + 1). It is easy to see
that this stabilizer is isomorphic to po(n).
Hence ind pn+2(1, n + 1) = ind po(n). But we know from Theorem 4.1 that
ind pn+2(1, n + 1) =
[
n
2
]
. 
Take now a = (a1, a2, . . . , ar ) with l := ∑ri=1 ai < n. Set b = n − l and a′ =
(a1, a2, . . . , ar , b). Consider parabolic subalgebras p(a) and p(a, b) in so(2n). Due
to (4), we take b  2 without loss of generality.
Let u be a nilpotent algebra kl×2b + 2kl (for l = 1 it is abelian, otherwise u is
two-step nilpotent). Then
p(a, b) = w′(a) + u, where w′(a) := ql (a) ⊕ pb(b)
and
p(a) = w(a) + u, where w(a) := ql (a) ⊕ so(2b).
Both of these algebras are 3-graded, with the center 2kl of u having degree 2,
kl×2b degree 1 and w′(a) or w(a) degree 0.
When l is odd, we can compute ind p(a) by comparing it with the index of p(a, b).
Let u be a w′(a)-regular element in u∗. Direct computation (cf. [3, 4.2]) gives
w′(a)u  v(a) ⊕ pob−1(b − 1),
w(a)u  v(a) ⊕ so(2b − 1) (12)
(when l = 1, v(a) = 0).
If now v′ and v are regular elements in p(a, b)∗ and p(a)∗ respectively, then
p(a, b)v′ = h ⊕ a′ and p(a)v = h ⊕ a, where h ⊂ v(a) and dim a′ = ind pob−1(b −
1), dim a = ind so(2b − 1).
Theorem 4.3. Let a = (a1, a2, . . . , ar ) with b = n− l  2 (here l = ∑ri=1 ai):
• If l is even, ind p(a) = b +∑ri=1 [ ai2 ] .
• If l is odd, ind p(a) = b − 1 +∑ri=1 [ ai2 ] .
Proof. For l even, Proposition 2.2 applies. Then for regular w ∈ 2kl one has
w(a)w = ql (a)w ⊕ so(2b), hence ind p(a)= indw(a)w = ind ql (a)w + rank so(2b) =
ind pl (a) + rank so(2b) =
∑r
i=1
[
ai
2
]+ b (by Theorem 4.1).
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For l odd, one concludes from (12) and the discussion preceding this theorem that
ind p(a) − ind p(a, b) = rank so(2b − 1) − ind pob−1(b − 1).
From Lemma 4.2, obtain
ind p(a) − ind p(a, b) = b − 1 −
[
b − 1
2
]
=
[
b
2
]
.
Rewrite the expressions for ind p(a, b) in Theorem 4.1 as
ind p(a, b) =
r∑
i=1
[ai
2
]
+
[
b − 1
2
]
.
Then we have
ind p(a) =
(
r∑
i=1
[ai
2
]
+
[
b − 1
2
])
+
[
b
2
]
and the result follows. 
The following corollary is then immediate from the theorem above and Theorem
4.1.
Corollary 4.4. For any proper parabolic subalgebra p in so(2n), ind p < n.
Recall that a finite-dimensional Lie algebra r is called Frobenius if ind r = 0 [5].
The terminology is motivated by the analogy with the associative case. Denote by
1r the string (1, 1, . . . , 1) of length r . From Theorems 4.1 and 4.3, we obtain the
following:
Proposition 4.5. A parabolic subalgebra p in so(2n) is Frobenius if and only if
either
• n is even and p = p(1n) (i.e., p is the Borel subalgebra of so(4m)) or
• n is odd and p = p(1n−3, 3) or p = p(1n−2, 2).
We can also compute indices for a large class of parabolic subalgebras of so(2n + 1).
Proposition 4.6. Assume l = ∑ri=1 ai is even and let b = n− l. Then
ind pon(a) = b +
r∑
i=1
[ai
2
]
. (13)
Proof. For l = n, this was already established in (11).
For l < n, we create a 3-grading pon(a) = r(0) + r(1) + r(2) with r(0) = pl (a) +
so(2b + 1), r(2) = 2kl and r(1) = kl×(2b+1). Since l is even, the generic repre-
sentations of R′ = exp(r(1) + r(2)) are determined by their restrictions on ZR′ =
exp r(2), and the conditions of Proposition 2.2 are satisfied.
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For a r(0)-regular w in r∗(−2), we get
ind pon(a) = ind r(0)w = ind(ql (a)w + so(2b + 1)) =
r∑
i=1
[ai
2
]
+ b. 
Remark. In fact, it is highly likely that the assumption on the parity of l can be
dropped (compare with Lemma 4.2 or with results for sp(2n) in [6, 5.5]), i.e. formula
(13) holds for all pon(a) ⊂ so(2n + 1), but the methods of the present paper do not
appear to be sufficient to provide the proof of this fact.
5. Seaweed subalgebras and Conjecture 1.1
Seaweed subalgebras of a reductive Lie algebra g are defined as intersections of
two weakly opposite parabolic subalgebras, i.e. two parabolic subalgebras whose
sum is all of g.
Standard seaweed subalgebras s of so(2n) can be defined as intersections s = p∩
p′, where p and p′ are two standard parabolic subalgebras, and p′ is parabolic op-
posite to p′. When p = p′, the corresponding seaweed subalgebra is simply the Levi
subalgebra of p. In this case it is elementary to check that ind s = n. From now on
we assume that p /= p′, i.e. s is not reductive.
For p = p(a) and p′ = p(a′), we denote the corresponding seaweed subalgebra
p ∩ p′ by sn(a ‖ a′). Clearly sn(a ‖ a′)  sn(a′ ‖ a). When one of the lists a, a′ is
empty, it is natural to set sn(a ‖)  sn(‖ a) = pn(a) and sn(‖) = so(2n).
Example. Let
∑r
i=1 ai = n, p = p(a) and p′ = p(n). Then sn(a ‖ n) = p ∩ p′ 
qn(a) is isomorphic to a parabolic subalgebra of gl(n).
It was shown in [6] that by the means of a suitable reductive procedure, the com-
putation of the index of a seaweed subalgebra s in a classical simple Lie algebra g can
be reduced to the problem of finding ind p for an appropriate parabolic subalgebra
p in a smaller Lie algebra of the same type. Here is the summary of the reductive
procedure from [6, 5.2] for s in g = so(2n) or so(2n + 1) (the algorithm is identical
for both even and odd orthogonal algebras):
Let a = (a1, a2, . . . , ar ) and a′ = (a′1, a′2, . . . , a′r ′). Assuming a1  a′1 (other-
wise simply interchange a and a′), one has
1. If a1 = a′1, then
ind sn(a ‖ a′) = a1 + ind sn−a1(a2, . . . , ar ‖ a′2, . . . , a′r ′). (14)
2. If a1 >
a′1
2 , then
ind sn(a ‖ a′) = ind sn−a′1+a1(2a1 − a′1, a2, . . . , ar ‖ a1, a′2, . . . , a′r ′). (15)
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3. If a1 
a′1
2 , then
ind sn(a ‖ a′) = ind sn−a1(a2, . . . , ar ‖ a′1 − 2a1, a1, a′2, . . . , a′r ′). (16)
Example. ind s10(3, 1 ‖ 5, 4, 1) = ind s8(1, 1 ‖ 3, 4, 1) = ind s7(1 ‖ 1, 1, 4, 1) =
1 + ind s6(‖ 1, 4, 1) = 1 + ind p6(1, 4, 1) = 1 + 2 = 3. Here we consecutively used
(15), (16) and (14), and finally Theorem 4.1 to arrive to the final answer.
Let l = ∑ri=1 ai and l′ = ∑r ′i=1 a′i . Assume for definiteness that l  l′. After
some steps of the reductive procedure the left string will disappear (just like in the
above example), and we will arrive to
ind sn(a ‖ a′) = k + ind pn−l (c), (17)
with c = (c1, c2, . . . , cs) and ∑si=1 ci = l′ − l. When l = l′, the list c is empty and
the last summand is simply n − l. From Corollary 4.4, ind pn−l (c)  n − l, with
equality possible only when c is empty.
Finally, the summand k arises from the applications of (14), and it is obvious that
k  l and k = l only when a is a (left) substring in a′. Combining these facts, we
arrive to the following:
Proposition 5.1. Let s be a seaweed subalgebra of so(2n). Then ind s  n, and
ind s = n if and only if s is reductive, i.e. s = s(a ‖ a). Hence Conjecture 1.1 is true
for all parabolic and (nonreductive) seaweed subalgebras in g = so(2n).
One may also analyze seaweed subalgebras of so(2n + 1) in the same manner, but
since our information about the indices of parabolics in so(2n + 1) is incomplete, we
can state only the following partial result:
Proposition 5.2. Let s = son(a ‖ a′) be a seaweed subalgebra of so(2n + 1), with
l + l′ = ∑ri=1 ai +∑r ′i=1 a′i even. Then ind s  n, and ind s = n if and only if s is
reductive.
Proof. Let p = pon−l (c) be a parabolic subalgebra of so(2(n − l) + 1) arising in
(17). Then ∑si=1 ci = l′ − l is even, and we can apply Proposition 4.6 to p.
When c is nonempty, ind p < n − l and the result follows as before. 
Acknowledgement
I wish to thank D. Panyushev for useful correspondence.
References
[1] V. Dergachev, A. Kirillov, Index of Lie algebras of seaweed type, J. Lie Theory 10 (2000) 331–343.
[2] J. Dixmier, Algebres enveloppantes, Gauthier-Villars, Paris-Montreal, 1974.
142 A. Dvorsky / Linear Algebra and its Applications 374 (2003) 127–142
[3] A. Dvorsky, Generic representations of parabolic subgroups. Case I––SO(2n,C), Comm. Alg. 23
(1995) 1369–1402.
[4] A. Elashvili, On the index of horospherical subalgebras of semisimple Lie algebras, Tr. Tbiliss. Mat.
Inst. 77 (1985) 116–126 (in Russian).
[5] A. Ooms, On Frobenius Lie algebras, Comm. Alg. 8 (1980) 13–52.
[6] D. Panyushev, Inductive formulas for the index of seaweed Lie algebras, Mosc. Math. J. 1 (2001)
221–241.
[7] M. Raïs, L’indice des produits semi-directs E ×ρ g, C. R. Acad. Sci. Paris 287 (1978) 195–197.
[8] J.A. Wolf, Unitary representations of maximal parabolic subgroups of the classical groups, Mem.
Amer. Math. Soc. 8 (180) (1976) 1–193.
